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Based on a unified approach via the classical Burnside Lemma in combinatorics,
we deal with some problems arising from symbolic dynamics and biology. The MSS
sequences play an important role in symbolic dynamics, and they are in one-to-one
correspondence with necklaces of beads with two colors. This necklace problem
was studied by Fine, Gilbert, and Riordan in the 1950s and 1960s. Recently, a
problem on the classification of the DNA sequence arose in biology and was
studied by Bell, Torney, and others. In this paper, we present a further treatment
of the necklace problem which shows a closer connection with MSS sequences and
brings more combinatorial insight into the properties of symbolic dynamics. We
also give a clear derivation of the formula for the classification of DNA sequences.
The techniques used in this paper originate principally from properties of cycle
structures, which are related to the fixed points of the n-cube recently studied by
Chen and Stanley. Q 1997 Academic Press
1. INTRODUCTION
This paper is motivated from three perspectives. The first is the recent
interest in the classification of DNA sequences. For the present purpose, a
DNA molecule may be regarded as a sequence over the alphabet
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 4A, C, G, T representing the four bases from which DNA is assembled,
namely adenine, cytosine, guanine, and thymine. Each DNA molecule has
a definite direction in which to be read, and it is also in the form of a
double helix containing two anti-parallel strands that bear a complementa-
tion relationship to one another; namely, wherever there is an A on one
strand, it is paired with a T on the other and, similarly, C on one strand is
paired with G on the other. These two strands are said to be reverse
 .ncomplements of one another. It is known that some sequences, say GT ,
is abundant in the human genome, and the number of repetitions of
patterns at a particular position can provide a ``DNA fingerprint'' for each
individual. As long as the repetition is concerned, the pattern GT gener-
ates the same repetitions as TG, except for the end effects. More gener-
ally, a cyclic permutation of a sequence would generate the same repeti-
tions as the original sequence. In this sense, ATC, TCA, and CAT are
regarded equivalent by cyclic permutations, and they are also equivalent to
their reverse complements: GAT, TGA, ATG. Biologists find this classifi-
cation quite natural. Such considerations can be perfectly formulated by
the combinatorics on words in terms of words, primitive words, necklaces
and primitive necklaces. Since a DNA sequence is a double strand, it leads
to the notion of reverse complementation, which can also be formulated as
an operation on words. Therefore, the classification of DNA patterns of
length n becomes the equivalence classes of words of length n on four
letters under cyclic permutation and reverse complementation. The opera-
tion of reverse complementation makes the problem not a direct applica-
tion of the classical results on necklaces.
w xBell and Torney 2 used elementary techniques to derive a formula for
the number of primitive patterns of DNA sequences of length n, and in
w xthe meantime, Bell et al. 1 also derived the same formula from a different
approach, which is the second motivation of this paper. The theory of
symbolic dynamics is largely concerned with sequences on two letters and
w their classifications the Metropolis]Stein]Stein sequences MSS se-
.quences for short , or the itinerary of iteration of unimodal maps on the
xunit interval . Using the bijection between words on two letters of length
2n and words of length n on four letters, Bell et al. are able to derive a
formula for the number of equivalence classes of primitive patterns of
DNA sequences of length n.
The third motivation is based on the recent work of Chen and Stanley
w x6, 7 on derangements of the hypercube and the cycle structures of the
hyperoctahedral group. Since the vertices of the n-dimensional cube are
w xwords on two letters, one may use the techniques in 7 to study the
structure of fixed points of any symmetry of the n-cube. It turns out that
the fixed points of a symmetry of the n-cube depends on its signed cycle
CHEN AND LOUCK20
decomposition. By the classical Burnside Lemma for counting equivalence
classes under group action, one may use the technique of signed cycle
decomposition to deal with necklaces on two letters by studying a subgroup
of the hyperoctahedral group; the subgroup involved is C = S with Cn 2 n
 .being the cyclic group generated by the cyclic permutation 12 ??? n and
S being the symmetric group on two elements.2
w xIn the paper of Metropolis et al. 19 , it was observed that the number of
MSS sequences of length n equals the number of equivalence classes of
primitive words on two letters under the action of C = S , namely then 2
number of primitive necklaces of length n on two colors, where it is
understood that the interchange of colors results in the same necklace.
w xBrucks 5 established a bijection between these two sets of objects. Fine
w x12 was the first to consider this problem of counting necklaces with
motivation from psychological experiments, where he gave two references
w xto psychology. Gilbert and Riordan 13 later presented a simpler treat-
ment of Fine's formulas using the Burnside Lemma and studied fixed
points of the group C = S acting on sequences. Some other applicationsn 2
w xof such necklaces are pointed out in 13 , including genetics, and finding
the number of distinct musical chords of 12 notes when inversions and
transpositions to other keys are equivalences. Cycle decomposition is the
key point in the paper of Gilbert and Riordan. We note that the idea of
signed cycle decomposition is valid for the wreath product of two permuta-
w xtion groups as pointed in 7 , and as a very special case for subgroups of
the direct products, the arguments for the fixed points for the wreath
product group the hyperoctahedral group is the wreath product of S andn
.S automatically works. To be precise, the cycle decomposition that is2
involved in this paper will be viewed as the ordinary cycle decomposition
 .although the signs complementation, or exchange of colors of necklaces
do play a role in counting fixed points, and we may also regard them as
special signed cycles. We shall further explore the idea of cycle decomposi-
tion with complementation taken into account. Particularly, we shall study
the structure of self-complementary primitive necklaces with two colors.
We aim at a clear and rigorous treatment of the classification of DNA
sequences of length n by using the Burnside Lemma and the structure of
fixed points based on cycle decompositions, thereby increasing awareness
of combinatorial techniques to physicists and biologists in the related
fields.
We also give some further results on necklaces corresponding to MSS
sequences. It is hoped that the combinatorics of MSS sequences will
attract more attention from the combinatorics community for a better
understanding of the iteration theory of unimodal maps on the unit
w xinterval, which motivated chaos theory 10]12 .
NECKLACES AND SEQUENCES 21
2. TERMINOLOGY
Necklaces are one of the classical structures in combinatorics and
number theory. In the language of combinatorics on words, a necklace is
defined as an equivalence class under the cyclic permutations of the set
A of words of length n on a letters. A necklace may be visualized in ann
intuitive way as an arrangement of colored beads on a circle. There are a n
words in A , and the number of necklaces on a letters equalsn
1
n r dM* a , n s f d a , 2.1 .  .  .n <d n
 .where f d is the Euler totient function defined as 1 for d s 1 and as the
 .number of integers i smaller than d such that i, d s 1 for d G 2, where
 .i, d is the greatest common divisor of i and d. A word w g A is said ton
 .be primitive or aperiodic if it cannot be written as a power of a word of
smaller length, where the product of two words u and ¨ is defined by
 .  :juxtaposition. For a word w, we denote by C w or w the set of words
 .which can be obtained from w by cyclic permutations and call C w a
conjugate class. The two words u¨ and ¨u are said to be conjugate to each
other, or equivalently, two words are conjugate to each other if and only if
they belong to the same conjugate class. It is easy to see that a word w is
primitive if and only if for any w s u¨ , w / ¨u, where neither u nor ¨ is
empty. Primitive words play an important role in the combinatorics on
words similar to that of prime numbers in number theory. Primitive
necklaces are equivalence classes of primitive words under cyclic permuta-
 .tion. We shall adopt the notation M a , n for the number of primitive
 .necklaces of length n on a letters or colors . The relationship between
words and primitive necklaces is well known:
a n s dM a , nrd . 2.2 .  .
<d n
By the Mobius inversion formula, it follows thatÈ
1
n r dM a , n s m d a , 2.3 .  .  .n <d n
 .where m d is the Mobius function defined byÈ
1, d s 1,¡
i~m d s . y1 , d is a product of i distinct primes, .¢
0, otherwise.
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 .  .The numbers M* a , n and M a , n are related by the following
identities:
M* a , n s M a , d , 2.4 .  .  .
<d n
M a , n s m d M* a , nrd . 2.5 .  .  .  .
<d n
 .  .Note the similarity between 2.1 and 2.3 . These two functions are, in
fact, related by
n s f d , 2.6 .  .
<d n
f n s n m d rd, 2.7 .  .  .
<d n
m n f d .  .
s m nrd . 2.8 .  .n d<d n
 .The identity 2.7 is often written as
1
f n s n 1 y , 2.9 .  .  /pi i
where n s pn1 pn2 ??? is the standard factorization of n into prime powers.1 2
 .  .We will again encounter the duality between f d and m d later in this
paper.
 .Because of their fundamental importance, the numbers M a , n are
 .called the necklace polynomials with a regarded as a variable , and
 .M* a , n turns out to be the cycle index of the cyclic permutation group
C in the Polya enumeration theory. Moreover, the number a n of wordsÂn
 .in A and the number M a , n of primitive necklaces of length n on An
w xare also associated with the classical cyclotomic identity 16, 20, 21 :
 .M a , j1 1
s . 2.10 . j /1 y a z 1 y zjG1
3. NECKLACES
We begin with a review of the combinatorial treatment of the problem
of enumerating equivalence classes of the set V of sequences of length nn
 4on 1, y1 or the set of vertices of the n-cube under the action of the
group G s C = S ; this is the same as the enumeration of the equiva-n 2
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lence classes of necklaces of length n with two colors. We follow the
 . w x  .notation F* n in 12 for such numbers, and use F n to denote the
number of equivalences classes of primitive necklaces with the same group
action. These two quantities are related by the following equation:
F* n s F d . 3.1 .  .  .
<d n
 .Hence, by the Mobius inversion formula, F n can be expressed in termsÈ
 .of F* n by
F n s m d F* nrd . 3.2 .  .  .  .
<d n
 .  . w xThe following formulas for F* n and F n obtained by Fine 12 are
derived below.
2nF* n s f d 2 n r d q 2 f d 2 n r d , 3.3 .  .  .  . 
< <d n d n
d odd d even
2nF n s m d 2 n r d . 3.4 .  .  .
<d n
d odd
 .  .The values of F* n are F n for n F 15 and are listed in Table I below
 .for easy reference. For example, for n s 4, we have F 4 s 2 and there
are two classes of primitive necklaces under the action of C = S . Their4 2
 .  .representatives can be chosen as 1, y1, y1, y1 and 1, 1, y1, y1 .
Let us recall the Burnside Lemma. Let S be a finite set, and G be a
 .permutation group acting on S. Let c g be the number of elements
 .s g S such that g s s s, namely, s is a fixed point of g. We say that two
elements s and t are in the same equivalence class under the action of G
 .if there exists an element g g G such that g s s t. Then the Burnside
lemma is stated as follows.
LEMMA 3.1. Let G be a group acting on S. Then the number of equi¨ a-
lence classes of S under the action of G equals
1
c g . 3.5 .  .< <G ggG
TABLE I
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
 .F* n 1 2 2 4 4 8 10 20 30 56 94 180 316 596 1096
 .F n 1 1 1 2 3 5 9 16 28 51 93 170 315 585 1091
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Let us next identify generally the group of interest and define its action
 4on the set V of words of length n on 1, y1 . We also write a wordn
 .w w ??? w as the sequence w , w , . . . , w when needed for clarity. The1 2 n 1 2 n
 . cyclic group C generated by the permutation cycle notation p s 1 ?n
.2 ??? n is given by
k < 4C s p k s 1, 2, . . . , n ,n
n  . .  .where p s 1 2 ??? n is the identity permutation. The group S is2
 4taken to be the group with two elements S s 1, y1 . The action of the2
group C on the set V is defined by specifying the action of p on ann n
arbitrary element w s w w ??? w to be that of replacing the entry w in1 2 n i
position i by the entry w in position i q 1, for each i s 1, 2, . . . , n,iq1
where n q i is to be taken modulo n. Thus,
p w s w w ??? w w , 3.6 .  .2 3 n 1
p k w s w w ??? w w ??? w . 3.7 .  .kq1 kq2 n 1 k
The action of the group S on V is defined by2 n
d w s d w , d w , . . . , d w . .  .1 2 n
These two actions may now be used to define the action of the direct
product group
kG s C = S s p , d k s 1, 2, . . . , n; d s "1 . 4n 2
on the set V according ton
p k , d w s p k , d w s d w , . . . , d w , d w , . . . , d w . .  .  .  .kq1 n 1 k
The order of G is 2n.
The group G s C = S is a subgroup of the hyperoctahedral groupn 2
w xwhose structure of fixed points has been studied by Chen and Stanley 7 .
A special case for the direct product group is dealt with by Gilbert and
w xRiordan 13 . For the permutation p , it is clear that p has exactly two
 .  .fixed points, 1, 1, . . . , 1 and y1, y1, . . . , y1 . We now consider the fixed
 . w xpoints of the element p , y1 , which is called a signed cycle in 7 .
 .LEMMA 3.2. The element p , y1 has a fixed point if and only if n is
 .  .e¨en, and when n is e¨en p , y1 has only two fixed points, 1, y1, . . . , 1, y1
 .and y1, 1, . . . , y1, 1 .
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In general, the structure of fixed points of a permutation p k depends on
the cycle decomposition of p k. Recall the well known fact about cycle
k  .decomposition: p is decomposed into n, k cycles with each of length
 .  w x.  .3  . . .nr n, k see also 6 . For example, 123456 s 14 25 36 . For each
 . k  .cycle i i ??? i of p , the corresponding elements w , . . . , w can be1 2 r i i1 r
 .  .either 1, 1, . . . , 1 or y1, y1, . . . , y1 . For example, the fixed points
 .3  .  .w s w ??? w of 123456 are given by the solutions of w , w , w , w ,1 6 1 4 2 5
 .  .  . kand w , w which can be either 1, 1 or y1, y1 . Therefore, p has3 6
n, k .  .2 fixed points. Similarly, by Proposition 3.2 when nr n, k is even,
 k . n, k .p , y1 also has 2 fixed points. To summarize, we have the following
proposition.
 k . n, k .PROPOSITION 3.3. The element p , 1 has 2 fixed points for 1 F k
 .  .  k . n, k .F n. When nr n, k is e¨en 1 F k F n , p , y1 has 2 fixed points;
 k .otherwise, p , y1 has no fixed points.
Let d be the length of the cycles of p k, which actually contains nrd
cycles. Now comes the question of how many k there are such that
 .nr n, k s d, where 1 F k F n. It is easy to see that this number equals
 .f d . It follows that the total number of fixed points of all the elements
 k .p , 1 , k s 1, 2, . . . , n, is given by
n
n , k . n r d2 s f d 2 . 3.8 .  . 
ks1 <d n
 k .The total number of fixed points of all the elements p , y1 , k s
1, 2, . . . , n, is given by
n
n , k . n r d2 s f d 2 . 3.9 .  . 
 . <k : nr n , k even d n
d even
 .  .  .  .These two relations, 3.8 and 3.9 , now give 3.3 for F* n .
We are now ready to give a clear cut derivation of the formula for the
classification of DNA sequences. We will then come back to study further
properties of necklaces with two colors and their connection with MSS
sequences.
4. CLASSIFICATION OF DNA SEQUENCES
 4For mathematical clarity, we shall use the alphabet D s y2, y1, 1, 2
 4for DNA sequences, instead of A, C, G, T . Let D denote the set of wordsn
of length n over D, and let P denote the set of primitive words of lengthn
n over D.
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 .  .The cyclic group C acts on D according to 3.6 and 3.7 . Then n
additional operation of interest for the DNA problem is called reverse
complementation and is denoted here by D. The action D on an arbitrary
 .word w s w , w , . . . , w g D is defined to be that of writing the word in1 2 n n
reverse order and reversing the sign of each letter:
D w s yw , yw , . . . , yw . .  .n ny1 1
2  4Since D s 1, the action defines a group S s 1, D . The action of the2
 .cyclic permutation p s 12 ??? n does not commute with that of D as
shown by
p D w s p yw , yw , . . . , yw .  . . n ny1 1
s yw , yw , . . . , yw , yw , .ny1 ny2 1 n
D p w s D w , w , . . . , w , w s yw , yw , yw , . . . , yw . .  .  . . 2 3 n 1 1 n ny1 2
It is clear that we have the identity
DpD s py1 ,
holds on the set D , hence,n
Dp kD s pyk .
It is the semidirect product group C )S that is relevant to the classifica-n 2
tion of the set D into equivalence classes for the DNA problem. Then
elements of this group are given by
kC )S s p , d k s 1, 2, . . . , n; d s 1, D . . 4n 2
The multiplication rule for the elements in this set is
p j, d 9 p i , d s p jd 9p id 9, d 9d . .  .  .
The action of an element of the group C )S on an element w sn 2
 .w , w , . . . , w of the set D is given by1 2 n n
p k , 1 w s p k w s w , w , . . . , w , w , . . . , w , .  .  .  .kq1 kq2 n 1 k
p k , D w s p k D w s D pyk w .  .  .  . .  .
s yw , yw , . . . , yw , yw , yw , . . . , yw .nyk nyky1 1 n ny1 nykq1
s s yw , yw , . . . , yw , .k 1 2 n
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where s is the permutation defined byk
1 2 ??? n y k n y k q 1 n y k q 2 ??? n
s s ,k  /n y k n y k y 1 ??? 1 n n y 1 ??? n y k q 1
4.1 .
that is, s replaces the entry in the ith position in a word of length n byk
 .the entry in the n y k q 1 y i th position, taken modulo n. The order of
the group C )S is 2n.n 2
 .We shall use H* n to denote the number of equivalence classes of Dn
 .under cyclic permutations and reverse complementation, and use H n to
denote the number of equivalence classes of the set P of primitive wordsn
 .  .under the same group action. Then, H* n and H n satisfy the following
equations:
H* n s H d , 4.2 .  .  .
<d n
H n s m d H* nrd . 4.3 .  .  .  .
<d n
 .  .The values of H* n and H n for n F 12 are given in Table II.
For the application of the Burnside Lemma, we next determine the
 k .  k .number of fixed points in D of p , 1 and p , D . We first consider then
fixed points of the permutations p k in D ; that is, the words w such thatn
k .p w s w. For the cycle p , the word w is a fixed point of p if and only if
all the components of w are the same; hence, there are four solutions.
 .Applying an argument similar to that leading to 3.8 , we obtain
PROPOSITION 4.1. The total number of fixed points of the group action of
C on D is gi¨ en byn n
f d 4n r d s nM* 4, n . 4.4 .  .  .
<d n
TABLE II
n 1 2 3 4 5 6 7 8 9 10 11 12
 .H* n 2 6 12 39 104 366 1172 4179 14572 52740 190,652 700,274
 .H n 2 4 10 33 102 350 1170 4140 14560 52632 190,650 699,875
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 k .We next consider the fixed points of p , D in D ; that is, the words wn
k .  .such that p Dw s w. We see from 4.1 that the permutation s has thek
structure given in terms of cycles as follows. The permutation s containsk
at least one 1-cycle unless both n and k are even. This is because for given
n and k the linear congruence relation
i ' n y k q 1 y i mod n .
has at least one solution i with 1 F i F n unless both n and k are even.
Such a s containing a 1-cycle has no fixed point, since this requiresk
w s yw , which is impossible. For n and k both even, we again see fromi i
 .4.1 that s is a product of nr2 disjoint 2-cycles among the n 2-cyclesk
i , n y k q 1 y i mod n , i s 1, 2, . . . , n. . .
Each 2-cycle occurs twice. Thus, the conditions for a fixed point w of
 k .p , D are that both n and k are even and
w s yw , i s 1, 2, . . . , n.i nykq1yi. mod n
Since there are nr2 distinct relations in this set of n relations, and each
 . n r2relation for a given i admits four solutions, there are all together nr2 4
 k .fixed points of p , D in D .n
Using Proposition 4.1, applying an argument similar to that leading to
 .3.8 , and invoking the Burnside Lemma, we obtain the following theorem.
 .THEOREM 4.2. The number H* n of equi¨ alence classes of DNA se-
quences of length n under cyclic permutations and re¨erse complementation is
gi¨ en as follows. For n odd, we ha¨e
M* 4, n 1 .
n r dH* n s s f d 4 , 4.5 .  .  .2 2n <d n
and for n e¨en, we ha¨e
M* 4, n 1 .
n r2y1 n r2y1 n r dH* n s 4 q s 4 q f d 4 . 4.6 .  .  .2 2n <d n
 .  .Having obtained the formula for H* n , one may use the identity 2.8
 .and the Mobius inversion to obtain the formula for H n first obtained byÈ
w x w xBell and Torney 2 and Bell et al. 1 .
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THEOREM 4.3. For n odd, we ha¨e
1
n r dH n s m d 4 . 4.7 .  .  .2n <d n
For n e¨en, we ha¨e
1
d r2y1 n r dH n s m nrd 4 q m d 4 . 4.8 .  .  .  . 2n< <d n d n
d even
 .  .If we use C n to denote the first summation in 4.8 for n even,
C n s m nrd 4d r2y1 , .  .
<d n
d even
 .then the two formulas for H n can be written as
M 4, n r2, if n is odd, .
H n s .  C n q M 4, n r2, if n is even. .  . .
 .We note that C n equals the number of conjugate classes of primitive
words in D that are invariant under reverse complementation. As shownn
w xin 1, 2 , for such conjugate classes, there are exactly two words that are
self-reverse-complementary. For n even, there are 4n r2 self-reverse-com-
plementary words of length n, and therefore we have the term 4n r2y1 in
 .4.6 . For n odd, any word w cannot be a reverse complementation of
 .itself, and we write C n s 0 for n odd.
 .   .  ..It is easy to see the relationship H n s C n q M 4, n r2. Because
the reverse complementation leads to a pairing of conjugate classes of
 .   .  ..  .   .primitive words, we have H n s M 4, n y C n r2 q C n s C n q
 ..  .M 4, n r2. One sees that the essence of the problem of counting H n is
the enumeration of the conjugate classes that are reverse complements of
themselves. We remark that such a situation can be viewed as a special
case of the Burnside Lemma. Suppose I is an involution on a set S,
namely a permutation of S such that I 2 is the identity map. The involution
 .I partitions the set S into equivalence classes. Let c I be the number of
elements s in S that are invariant under I. Then the Burnside Lemma
gives that the number of equivalent classes of S under the action of I
 < <  ..equals S q c I r2.
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5. SELF-COMPLEMENTARY NECKLACES
In this section we study self-complementary necklaces. By an argument
similar to that for the classification of DNA sequences in terms of
 .self-reverse-complementary conjugate classes, the numbers F* n and
 .F n for equivalence classes of necklaces can be computed from the
 .number of self-complementary necklaces. Let G* n denote the number of
 .self-complementary necklaces of length n and G n denote the number of
 .self-complementary primitive necklaces of length n. Clearly, G* n and
 .G n satisfy the relation:
G* n s G d . 5.1 .  .  .
<d n
We have
F* n s G* n q M* 2, n r2, 5.2 .  .  .  . .
F n s G n q M 2, n r2. 5.3 .  .  .  . .
 .The derivation of the formula for F* n as given in Section 3 can be
viewed as a way of computing the number of self-complementary neck-
 .laces. By 5.2 , we are led to the following formula.
 .THEOREM 5.1. For n odd we ha¨e G* n s 0, and for n e¨en we ha¨e
1
n r dG* n s f d 2 . 5.4 .  .  .n <d n
d even
 .By Mobius inversion, we may derive the following formula for G n .È
 .PROPOSITION 5.2. For n odd we ha¨e G n s 0, and for n e¨en we ha¨e
1
n r dG n s ym d 2 . 5.5 .  .  . .n <d n
d even
 .We point out an important property of G n , which corresponds to an
w xanalogous property of MSS sequences 5 , and we hope that the structure
of self-complementary necklaces will play a role in the study of MSS
 .sequences. Consider the Mobius function m d for d even. Let d s 2k.È
 .  .  .  .Then m d s 0 for k even, and m d s ym k for k odd. Comparing 5.5
 .and 3.4 , we obtain the following:
THEOREM 5.3. For n e¨en, we ha¨e
G n s F nr2 . 5.6 .  .  .
It would be interesting to give a combinatorial interpretation of the
above property of self-complementary necklaces.
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Let MSS denote the set of all MSS sequences of length n. Sun andn
w xHelmberg 20 have shown that
< < < <2 MSS y MSS , if n is even,n n r2
M 2, n s 5.7 .  . < <2 MSS , if n is odd.n
Theorem 5.3 can be viewed as a counterpart of the above property for
MSS sequences. From the above recursion, one obtains the following
w xformula 5, 20 :
k .THEOREM 5.4. If n s 2 2m y 1 , then
kq1
yi iy1< <MSS s 2 M 2, nr2 . 5.8 . .n
ks1
 .  .Note that the formula 3.4 is easier than 5.8 . A recurrence relation for
< < w xMSS is derived in 14 by a procedure equivalent to counting the numbern
of saddle-node and period-doubling transitions. The reader is referred to
w x3]5, 8, 14, 16, 19, 20 for the properties of MSS sequences.
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